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Chi,L., Kushwaha, R.L.and Shen,J. 1993. An elasto-plastic con
stitutive model for agricultural cohesive soil. Can. Agric. Eng.
35:245-251. An elasto-plastic model has been developed for cohe
sive soils which reflects both the elastic and plastic stress-strain
behaviour of soils. Two yield surfaces were used to calculate the
plastic strain underhydrostaticcompressionand plastic shear strain
associated withthefailuresurface. Themodelshowed a goodpredic
tion accuracy underboth uniaxialand hydrostatic compressions.
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Un modele elasto-plastique a ete developpe pour les sols co-
hesives. Ce modele montre la conduite des tensions elastiques et
plastiques des sols. Deux surfaces debits ont ete utilisepour faire la
calculation de la tension plastique sous une compression hydrosta-
tique et celle associee avec la surface faillite. Le modele a demontrer
unebonnepredictiond'exactitude sous les compressionsuniaxialeet
hydrostatique.

INTRODUCTION

Finite element analysis has been widely used in simulating
soil cutting (Yong and Hanna 1977; Chi and Kushwaha
1989), soil compaction (Pollock et al. 1986), and traction
(Yong et al. 1978). A stress-strain relationship, generally
referred to as a constitutive relationship, is an essential com
ponent of the finite element stress analysis technique. The
prediction accuracy of a finite element model depends di
rectly on the accuracy of the constitutive equation of the soil.

The stress-strain behaviour of soils is complex and diffi
cult to describe with a simple relationship. Since soil is a
non-linear material, its failure with the action of tillage tools
is elastic as well as plastic. Most of the present constitutive
modelsfor soils can be divided into two categories,nonlinear
elastic and elasto-plastic models. A nonlinear hyperbolic
stress-strain model developed by Kondner and Zelasko
(1963) and later improved by Duncanand Chang (1970)has
been used widely in finite element analysis (Chi and Kush
waha 1989; Pollock et al. 1986; Yong and Hanna 1977;
Chang and Duncan 1970; Clough and Duncan 1969; Kul-
hawy et al. 1969, 1970). Some useful and satisfactory
predictions havebeenmadeby usingthis model.Baileyet al.
(1984) developed a nonlinear exponential soil compaction
model which showed an adequate accuracy for hydrostatic
compression of the soil. In these nonlinear elastic models, the
deformation was assumed to be totally recoverable. How
ever, soil undergoes a considerable amount of plastic
deformation during loading. Therefore, an elasto-plastic
model is needed to describesoil behaviourmore precisely.

Drucker (1950) first proposed an elasto-plastic model for
soil in which a linear elastic model was assumed before soil
failure. After the stress reached the failure state, it was as
sumed that plastic deformation occurred. In fact, the plastic
deformation also occurred before the soil failure. As a result,
Drucker's model predicted a low value of displacement (De-
sai and Siriwardane 1984). The critical state model, also
referred to as the Cam Clay model (Schofield and Wroth
1968), and the DiMaggio-Sandler cap model (DiMaggio and
Sandler 1971) were later developed to account for shear and
volumetric plastic deformation before and after soil failure.
Both of these models used a cap yield function to calculate
the plastic deformation before soil failure. In these models,
two or three constitutive relationships were proposed. There
fore, a complicated computational procedure is required
during finite element analysis to identify when the stress
level has passed a certain yield surface and to assign a differ
ent constitutive relationship for each state (Siriwardane
1984).

Lade (1977) proposed another model developed for cohe-
sionless soil based on the results of carefully conducted
experiments under various stress paths in cubical triaxial
equipment. In the model, two work hardening theories were
used, one for a cap type yield surface and the other for a
conical yield surface. The major difference between Lade's
model, the critical state model, the cap model and other
traditional plastic models is that in Lade's model, both elastic
and plastic strains are assumed to occur from the beginning
of loading (Lade and Duncan 1975). Therefore, a single
elasto-plastic constitutive model is applied throughout the
loading process. The computational algorithms of Lade's
model are simpler than those of the critical state and cap
models. Lade's model was also the only model which could
simulate the work-softening behaviour of soils (Lade 1977).
However, Lade's model is valid only for cohesionless soil
such as sand.

All of the above elasto-plastic models were originally
developed for civil engineering applications. The objective
of this study was to develop an elasto-plastic model for
cohesive agricultural soils.

MODEL DEVELOPMENT

A stress-strain model was developed based upon the follow
ing objectives:
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1. A model to account for elasto-plastic behaviour of soil,
and

2. A model which is convenient to apply in a finite element
analysis.

Since considerable plastic strain occurs during triaxial as
well as hydrostatic loading, it is essential to formulate an
elasto-plastic model to predict stress-strain relationship.
Based upon the two objectives established above, the model
was developed using the principles of Lade's model (Lade
and Duncan 1975). Since Lade's model was developed for
only cohesionless soil, the yield surfaces were modified to
account for the effect of soil cohesion.

Elastic and plastic strains

In the development of the model, it was assumed that both
elastic and plastic strain occurred throughout the loading
process from the beginning. The total plastic strain was di
vided into two parts: (1) the plastic strain associated with a
cap-hardening yield surface, and (2) the plastic strain associ
ated with a conical yield surface. The total strain increment
can be written as:

{de} ={dze} +{dec} +{de/} (1)

where:

dz = total strain increment vector,

dee = total elastic strain increment vector,
dec = plastic strain incrementvector associated with

cap-type yield surface, and
d^ - plastic strain increment vector associated with

conical yield surface.

The three strain components in Eq. 1 were calculated
separately, the elastic strain dze by Hooke's law; dzc by a
plastic stress-straintheory involvinga cap-typeyield surface;
and the def by a plastic stress-strain theory involving the
cohesional-frictional failure surface.

Yield functions

Two most commonly used failure criteria for cohesive soils
are: (1) the Mohr-Coulomb model, which states that soil fails
under a shear stress dependent on cohesion and internal
friction, and (2) the Drucker-Prager model (Drucker and
Prager 1952), which states that soil fails under maximum
distortion energy. Since the Mohr-Coulomb model is not a
smooth continuous function in three-dimensional cases
(Nayak and Zienkiewicz 1972), it is difficult to employ for
constructing a plastic stress-strain relationship. Therefore,
the Drucker-Prager model was used as the failure criterion,
as given by:

l\ :0 (2)

where:

Ij = an, first stress invariant (kPa),
J2 = 0.5 SijSij, second deviatoric stress invariant (kPa ),
k = a parameter determined from test data (kPa), and
a = a dimensionless parameter determined from test data.

The Drucker-Prager criterion provides a smooth conical
failure surface in principle stress space as shown in Fig. 1,
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Fig. 1. The Drucker-Prager soil failure model in principal
stress space.

and is described by:

//=
h

(all - k)2
ff=l, atfailure (3)

whereof = conical yield function.
Plastic strain was also found during hydrostatic loading in

which the conical yield function Eq. 3 was kept constant on
the hydrostatic axis of Fig. 1. A cap-type yield criterion was
proposed to account for the plastic strain d£c (Eq. 1) occur
ring during hydrostatic compression. The cap yield surface
was assumed as a sphere with the centre at the tip of the
conical failure surface (O" in Fig. 2) and thus the cap yield
surface is orthogonal to the conical yielding surfaces. There
fore, an increase in stress state can be considered as a
combination of the stress changes due to an increase in the
conical yield function and in the cap yield function. The
cap-type yield function is given by:

/c=/12 +2J2 +^/12*

3a
(4)

where:

fc = cap yield function (kPa2), and
12 =0.5 (Iil-OijGjj), the second stress invariant (kPa2).

Elastic constitutive matrix

The Elastic strain in Eq. 1 was calculated by using Hooke's
law. For three dimensional stresses, the elastic constitutive
matrix is given by:

^0"

Fig. 2. Cap yield surface.
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where:

EUr = elastic modulus (kPa),
v = Poisson's ratio, and
[Ce] = elasticity matrix.

Janbu (1963) proposed a model to describe the modulus as
a function of confining pressure by using:

^ur ~ Ku
Grt

(6)

where:

Eur

C3

Pa

= unloading and reloading elastic modulus (kPa),
= confining pressure (kPa),
= atmospheric pressure (kPa), and

KUr, n= dimensionless parameters determined from
test data.

Poisson's ratio was determined using (Zhang et al. 1986):

1R -Fu "ur '-'ur
V =

6B„ (7)

where Bur = unloading and reloading bulk modulus (kPa).

Plastic strain associated with the cap-type yield surface

By using the associated flow rule, the plastic strain increment
associated with the cap yield surface is given by:

\dfc
w-yu (8)

where Xc = a positive scalar factor.
The work hardening law was applied to determine the

scaler ^c in Eq. 8. Lade (1977) developed a power function
to derive a working equation for calculatingthe total plastic
work required to produce the collapse strains. However, it
was found that the Lade's equation did not fit the data ob
tained from a hydrostatic loading test of cohesive soil,
especially when the volumetric strain was greater than 10
percent. An exponential equation proposed by Bailey et al.
(1984) for soil compaction showed good accuracy over a
wide range of volumetric strain. Therefore, an exponential
function was proposed to describe the relationship between
the total plastic work required to produce the plastic strain
dec andthedegree of hardening expressed by/c, as given by:

Wc =C^[l-exp(-pfc/pl)] (9)

where:1CIC.

Wc = plastic work associated with cap yield surface done
per unit volume (kPa), and

C,p = dimensionless parameters determined from test
data.

Plastic strain associated with the conical yield surface

By using the associated flow rule, the plastic strain associated
with the conical yield surface is given by:

w-vfil (10)

where Xf= a positive scalar factor.
The work hardening law was applied to determine the

scaler fyin Eq. 10. Lade's model included a work hardening
law with the conical yield surface which could be used to
simulate both work hardening and work softening behaviour
of materials. Lade's work hardening and softening model can
be expressed by:

//= Ff(Wf) =-- a e~bwf
-w£
Pa

\ eP" 1<7

a =

"fpeak

b =
a Wfpeak

Wfpealc-®Pa

<*3

(Ha)

(lib)

(He)

(lid)

(He)<7 =Y+P

where:

Wf

Wfpeak
a, b, q

= plastic work associated with conical yield
surface done per unit volume (kPa),

= plastic work atff= 1,
= intermediate variables, and

y, |3, 6, A, = dimensionless work hardening parameters.

Complete elasto-plastic constitutive matrix

The complete elasto-plastic constitutive relationship includes
an elastic componentand two work hardeningplastic compo
nents. Lade and Nelson (1984) developed a procedure to
construct an incremental elasto-plastic model with multi-in
tersecting yield surfaces. By using this Lade-Nelson method,
the complete elasto-plastic model was derived as:

{da} = [Cep][de]epi

[Cepl = [Ce]-[Ce] dF

9a
[LY

[L] =

-J
dF

da
[Ce]

dF

da
+ [D]

dF

8a
[Ce]

(12a)

(12b)

CANADIAN AGRICULTURALENGINEERING Vol. 35,No.4, October/November/December 1993 247



where:

dF

da

[D] =

f

(12c)

(12d)

In Eq. 12, [CJ,/c(o), Wc(fc\ff(c) and f/Wf) are deter
mined by Eqs. 5, 4, 9, 3a, and 11a, respectively. Therefore,
theelasto-plastic constitutive matrix [Cep] canbedetermined
if a stress state is known.

TEST PROCEDURE

To investigate the mechanical behaviour of agricultural soils,
axial compression tests were conducted in a conventional
triaxial test apparatus. The confining pressure was applied by
pressurized water. The volume change in soil samples was
measured by a volumeter developed by Chi and Kushwaha
(1989). Axial load, axial displacement, confining pressure, and
change in volume were measured during tests. The data were
sampled by a 21X Campbell Scientific Micro-Logger (Camp
bell Scientific, Logan, UT) and then transferred to a computer
for analysis.

The test soil was a clay loam. Remolded soil samples 50
mm in diameter and 100 mm in length were used in the tests.
A split compaction mould was used to prepare soil specimens
and all specimens were compacted in 8 layers at a density of
1434kg/m3 and a moisture contentof 14.8%.

An unloading and reloading procedure was applied during
the triaxial tests (Fig. 3). The stress-strain curve indicates that
soil undergoes a considerable amount of plastic strain during
the loading. The elastic modulus of unloading and reloading, AXIAL STRAIN e (%)
Eur was used in the elastic constitutive relationship. Three Fig. 4. Stress-strain curves under different loading
series of tests were conducted in calibrating the model. The speeds with a confining pressure 50 kPa.
first series of triaxial tests was carried out with five different
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Fig. 3. Soil stress-strain curve with unloading and
reloading.

axial strain rates of 0.00014, 0.007, 0.036, 0.18 and 0.7/min
under a confining pressure of 50 kPa. The results from this
series of tests (Fig. 4) show that the stress-strain relationship
is sensitive to loading speeds greater than 0.036/min. The
second series of triaxial tests was conducted under four con

fining pressures of 25, 50, 75 and 100 kPa with a strain rate
of 0.007/min (Fig. 5). In both the first and second series of
tests, the unloading and reloading procedure was applied.
However, for clarity, the unloading and reloading curves are
not plotted in Fig. 4 and 5. The final series of tests was
conducted under hydrostatic loading (0\ = G2 = G3). The
results (Fig. 6) indicate that plastic strain occurs under hydro
static loading. Bur in Fig. 6 indicates a bulk elastic modulus
of unloading and reloading. All tests were repeated three
times.

RESULTS

Soil parameters

The complete elasto-plastic model includes 11 soil parame
ters: three elastic parameters (KUr, n and v), two soil failure

500

400

CONFINING PRESSURE: 100 kPa

CONFINING PRESSURE: 75 kPa

10 15 20 25

AXIAL STRAIN e (%)

Fig. 5. Stress-strain curves under different confining
pressures.
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The Drucker-Prager failure criterion was applied in the
model to account for the effect of cohesion. The model

included two yield surfaces: a cap yield surface to calculate
the plastic strain caused by the hydrostatic compression, and
a conical yield function to calculate the plastic strain associ
ated with the Drucker-Prager yield function. In the model, a
new work hardening function was proposed for the cap yield
surface, which is more suitable for cohesive soils.

The developed model showed a good curve-fitting accu
racy for both axial and hydrostatic compressions. All
parameters can be determined from conventional triaxial
tests. The model provided a single form of constitutive rela
tionship during the entire loading period. Therefore, the
model can be more easily implemented in finite element
analyses compared with the previous critical state and cap
models.

The elastic modulus of soil was affected by loading speed.
However, more investigations are needed to develop a model
to include the dynamic effect of loading speed.
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